This thesis uses synthetically created variance swaps on VIX futures to quantify the variance risk premium in VIX options. The results of this methodology suggest that the average premium is -3.26%, meaning that the realized variance on VIX futures is on average less than the variance implied by the swap rate. This premium does not vary with time or the level of the swap rate as much as premiums in other asset classes. A negative risk premium should mean that VIX option strategies that are net credit should be profitable. This thesis tests two simple net credit strategies with puts and calls, and finds that the call strategy is profitable while the put strategy is not.
Introduction
The VIX index is a measure of the 30-day forward looking implied volatility for the S&P 500, and is an important tool to gauge perceived short-term risk in the stock market. Until recently, this index was merely a reference tool for investors rather than an actively traded asset. However, the index's strong negative correlation with the S&P 500 made it a very attractive hedging tool, and the increasing demand to trade volatility in the market led to the rapid development of the volatility asset class. In March of 2004, the Chicago Board Options Exchange (CBOE) began listing VIX futures contracts, and in February of 2006 VIX options were introduced. This paper uses VIX options to synthetically replicate a variance swap on VIX futures, which will quantify the average difference between realized and implied volatility in the VIX options. While this difference -referred to as the variance risk premium -has been measured for other asset classes, to this writer's knowledge it has not been measured in VIX options in an academic context. The average difference between realized and implied volatility for many assets is typically negative, meaning that on average volatility purchasers realize less volatility than the volatility implied by the contract price. This explains why the phenomenon is usually referred to as a "premium". It is important for option market participants to understand the sign of this premium and also some arguments for its existence. One common explanation is the negative correlation between volatility and returns, which makes volatility assets powerful portfolio risk management tools. Option buyers should be willing to pay a premium for these contracts if the volatility they purchase serves to reduce their overall portfolio variance. This explanation relates the premium to purchasing insurance, because buyers are paying an additional cost to manage overall portfolio risk. Another explanation for the existence of this premium is the skewness of returns on variance contracts. Volatility of returns is mean reverting, but prone to very large positive spikes. This means that a long position in a variance swap typically loses smaller amounts of money, but is very profitable when volatility spikes. For the sellers of variance swaps, regular premiums compensate them for the risk of an infrequent but very large loss in times of market uncertainty. . By purchasing options and delta-hedging with the underlying security, one can effectively hedge out all risk other than volatility risk, so the payoff from these positions determines whether the realized volatility was greater or less than the implied volatility of the contract. These payoffs therefore can be used as a measure of the direction of the premium. They find that a strategy of delta-hedging a long position in S&P 500 options underperforms zero, implying that option prices in general include a premium over the expected volatility during the life of the contract. They also find that the return of this strategy decreases when the options are further out of the money and when volatility is lower. While this method successfully argues that the premium is negative, it cannot quantify the premium. Each option contract has a different vega -a 1 Bakshi, Gurdip, and Nikunj Kapadia. "Delta-Hedged Gains and the Negative Market Volatility Risk Premium." Review of Financial Studies 16.2 (2003): 528-66 measure of the sensitivity of option prices to changes in volatility -which would affect the size of the premium for different option contracts. Therefore, the payoff of a deltahedged strategy would not only be affected by the premium, but also by the individual option contract's sensitivity to the realized variance.
Literature Review
While it is important to understand the sign of the premium, market participants would benefit greatly from quantifying the size of this premium. Carr and Wu (2009) were the first to do this analysis by creating synthetic variance swap rates derived from option prices 2 . The payoff from a variance swap is the difference between the realized variance of an asset and a predetermined forward-looking variance benchmark, called the swap rate. The average of these payoffs precisely measures the variance risk premium, and is therefore a very useful tool to quantify the premiums. Data on variance swaps is not readily available, however, because these contracts are traded over-the-counter (OTC) rather than through a public marketplace. By synthetically creating these contracts, this data can be replicated for any asset. Carr and Wu (2009) use this methodology to measure the volatility risk premium in 5 indices and 35 individual stocks. They find that there is a strong negative premium in the S&P 500 and 100, as well as with the Dow Jones Industrial Index. The individual stocks show more variation in the size of the premiums, and Carr and Wu (2009) attribute this to a "common stochastic variance risk" for which the market demands a premium. To test this theory, they regress the individual stock's return variance on the S&P 500 variance to find a "variance beta". The results show that stocks with higher variance betas had larger premiums, supporting their explanation for the differences in premium size. Trolle and Schwartz (2010) adopted this methodology to measure the premium in energy commodities, specifically crude oil and natural gas 3 . While they find significant premiums in both commodities, the premium is larger for crude oil. Their paper also studies the seasonality of these premiums, showing that the premiums are higher for natural gas in winter, but are not statistically different for crude oil. They also examine whether the relationship between the variance swap return and the underlying security return is non-linear. The motivation for this exercise is that the negative relationship between index volatility and index return in the S&P500 is almost entirely driven by the and Schwartz (2010) argue that the return profile for natural gas is like a call option, while the S&P 500 returns resemble a put.
Importance of measuring VRP in VIX options
While previous papers have analyzed this premium in various asset classes, this
methodology has yet to be applied to the volatility asset class. This thesis aims to do that an asset class of its own and are demonstrating a growing interest to transact in these products.
With more people participating in the VIX options and futures market, and the volatility asset class more broadly, it is important to better understand the pricing of these contracts. As this asset class develops further, there will certainly be interesting pair trading strategies among the different products and the underlying assets, and market participants who understand the pricing of the products will be in a better position to participate in these opportunities. It is also equally important for investors looking to hedge portfolio returns with the growing variety of volatility products to understand the relative pricing of these contracts. One aspect of this understanding is to quantify the variance risk premium on VIX options, which to this author's knowledge has not been previously measured in an academic scenario.
Methodology
In this section, I will start by describing how the synthetic swap rate is generated, then I will discuss the calculation of the realized variance on the underlying security, and finally I will compare the average difference of the two through a dollar return measure and a continuously compounded excess return measure. These return measures are used 7 "CBOE to Apply VIX Methodology to Individual Equity Options." (5 Jan. 2011). Web.
in other academic papers that quantify this premium, and provide common terms in which to compare the relative sizes of this premium 8 .
Swap Rate
The payoff from a variance swap is determined from the difference between the realized variance of the underlying security during the life of the contract and a swap rate determined at the initiation of the contract. A long position in a variance swap is a bet that the realized variance of the underlying security will be higher than the determined swap rate, and has a payoff equal to the realized variance minus the predetermined swap rate multiplied by a notional dollar amount. When variance swaps are initiated, there is no cash payment to either side. Assuming absence of arbitrage, this implies that the swap rate is a conditional risk-neutral expectation of the future variance of the underlying security 9 . Using this assumption, Carr and Wu (2009) derived a method to accurately calculate theoretical swap rates using a basket of out-of-the-money (OTM) puts and calls on the underlying asset 10 . The resulting formula is
Compared to values used in Carr and Wu (2009) where SR(t,T) is the swap rate initiated at time t for a contract that matures at time T, B(t,T) is the time t price of a zero-coupon treasury bill that matures at time T, P is the time t price of an OTM European put expiring at time T with a strike of X, and C is the time t price of an OTM European call expiring at time T with a strike of X.
This methodology is inadequate for VIX options, however, because VIX options contracts have a multiplier of 100 while VIX future contracts have a multiplier of 1,000.
To avoid this issue, I substituted equation [2] into equation [1] .
Where
for a call and n(y) represents the standard normal density function. contribution to the total value of the integral due to the very small normal density weight.
Wolfram Mathematica processed the value of the integrals.
Realized Variance
The realized variance of the contract is determined by using the following formula
where F(t+1,T) is the time t+1 price of a future that expires at time T, and F(t,T) is the time t price of a future that matures at time T. This is the same measure of variance used in Carr and Wu (2009) .
Variance Risk Premium
For every day in the data set, the difference between the realized variance and the swap rate for the nearest maturity contract of at least 12 days to maturity was calculated.
Option contacts close to maturity can exhibit uncharacteristic pricing, so filtering out these maturities is important for calculating accurate swap rates. The maturities range from 12 to 40 days. Using the same measures as Carr and Wu (2009) and Trolle and Schwartz (2010) in order to have comparable results, I calculated a dollar return
and also a continuously compounded excess return.
Data and Results

VIX option data come from Market Data Express, and zero-coupon US Treasury
Bill information came from Bloomberg. The original options price data set was filtered on the basis of volume, time to maturity, and availability of at least four market prices per day per maturity. Option prices with low volume have larger bid-ask spreads, and are therefore less accurate, so option contracts with a volume smaller than 10 were not used.
Option contracts with short times to maturity can exhibit peculiar pricing tendencies, so contracts with less than 12 days to maturity were not used. Finally, because the formula for the synthetic swap rate involves an approximation of Black implied volatilities by interpolation, it is important that there are multiple market price observations per day per maturity. Trade days when there were less than four market price observations at different moneyness levels were not used. Additionally, in order to ensure that the truncation of the integral was not a large source of error, days with less than 150 interpolated implied volatilities were not used. Option prices that met these requirements were determined using the average of the bid and ask, and prices for the futures were determined using daily settlement prices.
Passing the original 283,202 individual option contracts through the specified filters, the final dataset includes 1,107 daily observations of the variance risk premium. Table 1 shows a summary of the data set as various filters limited the sample size. 
Summary of Results
Figure3 shows a time series of the swap rates and the corresponding realized variance of that contract. This graph depicts how realized variance spikes, followed by a lagged reaction in swap rates, and then a normalization of both levels. Figure 4 shows the difference of these two values, representing the variance risk premium of the contract initiated at that date. It is clear from this figure that the variance risk premium remains negative most of the time, but infrequently is very positive. 
Is the premium time-varying?
Similar to the approach of Carr and Wu (2009) . The first regression, seen below, uses the absolute levels of the realized variance and the swap rate.
Using a null hypothesis representing a premium that does not vary with time implies that a = 0 and B = 1. The second regression, seen below, is similar but uses log terms instead.
Assuming constant variance risk premium, the null hypothesis is again a = 0 and B = 1.
Results for both regressions can be found in 
Trade Strategy
The negative variance risk premium suggests that variance realized during the life of a variance swap is on average smaller than the variance implied by the price of the contract. Since these hypothetical swaps are derived from individual implied volatilities of option contracts and the realized volatility of the option's underlying future contract, a negative risk premium in a variance swap should mean that option strategies that are net credit should be profitable, on average. This paper tests this claim by running simple net credit trading strategies.
The four trading strategies measured in this paper can be summarized in Table 2 below. The numbers in the buy and sell columns correspond to the position of the option in a list of the OTM options. For instance, sell 1 and buy 2 means that the contract closest to the ATM option is sold and the next furthest OTM option contract is bought.
These options are OTM relative to the future price maturing at the same time as the option contract. The options have been filtered so that the bid-ask spread is no larger than 0.35, in order to prevent the spread from deteriorating the premium collected. These strategies do not involve both puts and calls because daily volume in these two types of contracts is typically uneven, with puts being more actively traded when spot VIX is high and calls being more actively traded when spot VIX is low.
The column labeled "% Return" is the average of the annualized percentage return from each contract in the sample set. The return for each contract is measured by dividing the payoff of the position -the net premium collected plus the payoffs of each individual option position -by the margin requirement required to hold this position, which is the difference between the strikes x 100. It is interesting to note that this simple net selling strategy is profitable for calls, which has an average annualized return of up to 16.55%, while a similar strategy implemented with puts has an average annualized return as low as-69.87%. One reason this strategy may be more profitable with calls is that volume in this market is driven by retail investors who wish to purchase negative correlation with market returns to hedge portfolio returns, which is most easily done by purchasing calls. This could translate into a richer premium in calls, making these products more attractive to sell. The methodology used in this paper cannot separate the variance risk premium between calls and puts, but this might be an interesting area of future research.
These crude trading strategies were selected on the basis of simply testing the idea that being in a net short position in VIX options would be profitable because of the negative variance risk premium. All of the strategies were implemented indiscriminately on the sole basis of having a narrow enough bid-ask spread with the intention of enforcing an unbiased selection process while trading on the thesis mentioned above.
Dynamic selection of option positions and management of those positions, along with implementing more complex strategies, would likely increase return. 
Conclusion
This paper synthetically creates variance swap data on VIX futures to infer the variance risk premium in VIX options. Measuring this premium is important for the growing number of market participants in VIX options and futures contracts, as well as the volatility asset class as a whole. The premium is measured in terms of dollar return with a $100 notional, and also in a continuously compounded excess return term. In both cases, the premium is negative, with a dollar return of $-3.26 and a log return of -.312, which suggests that being short a variance swap on VIX futures is profitable. The size of this premium fits the range of premiums measured in other academic papers using a similar methodology, but is more negative than the premium in the S&P 500 index.
Regressing the realized variance on the calculated swap rate shows that the premium is less time varying than other premiums in other assets classes, and is only slightly affected by the value of the swap rate. A negative variance risk premium in VIX futures should also imply that net credit VIX option positions are profitable. This paper finds that a net credit position selling calls is profitable, with an average annualized return as high as 16.55%, while a similar position that sells puts instead has an average annualized return as low as -69.87%. While this thesis hypothesizes that selling calls is more profitable because the premium is richer in these options due to the insurance affect, analyzing this difference in return could be an interesting area of future research. 
